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Abstract
When is a rational function on a smooth variety V whose values are sums of 2nth powers,
itself a sum of 2nth powers in the $eld of rational functions? We investigate this property and
some weaker form of it. The aim is to gain a better understanding of sums of powers in formally
real function $elds. c© 2001 Elsevier Science B.V. All rights reserved.
MSC: 12D15; 12J15; 14A10
0. Introduction
In this paper, we continue the investigations on Hilbert’s 17th problem for sums of
2nth powers started in [3]. We brie@y recall the situation we are concerned with. Let
K be a $eld of characteristic 0, V an aBne irreducible variety over K with function
$eld K(V ). Given n ∈ N we consider the problem whether the sums of 2nth powers
in K(V ) can be characterized by certain geometric conditions. To this end, we say that
V |K satis$es the property Sn (resp. Tn) if for all f ∈ K[V ]
Sn : f ∈
∑
K(V )2n ⇔ f(x) ∈
∑
K(x)2n for every closed point x ∈ Vreg;
Tn : f ∈
∑
K(V )2n ⇔ f(x) ∈
∑
K2n for every point x ∈ V (K)reg:
Now let
S(V |K):={n ∈ N |V |K satis$es Sn};
T (V |K):={n ∈ N |V |K satis$es Tn}:
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In [3] basic properties of S(V |K) and T (V |K) were proven. For example, S(V |K) is
actually a multiplicative semigroup with 1 generated by a set of primes. If T (V |K) is
not empty the same holds for T (V |K) [3, Theorem 1:8]. Moreover, these semigroups
have been computed explicitly for generalized real closed $elds and function $elds
over totally Archimedean $elds.
It is one of the aims of this paper to develop new methods for the study of the
semigroups S(V |K) and T (V |K). These methods apply to arbitrary ground $elds K .
Therefore, we start with general characterizations of the semigroup S(V |K) both by
model theoretical and valuation theoretical properties of the function $eld K(V ). In
Section 2, the case is treated where the ground $eld K is a function $eld over some $eld
k with tr.d.(K |k) ≥ 1. We prove the crucial result that in this situation S(V |K)=N for
all irreducible varieties V over K . Moreover, if tr.d.(K |k) ≥ 2, then even T (Ad|K)=N
for all d ∈ N. Section 3 is devoted to a glimpse on the independence problem. Let V ,
W be varieties over K . In all cases known so far, one has S(V |K)=S(W |K) which led
to the conjecture that S(V |K) is independent from the variety V , i.e. S(V |K) depends
only on the ground $eld K . From the previous results, we infer some very $rst steps
towards an aBrmative answer to this independence-conjecture. For example, if K is
any $eld and d ∈ N with d ≥ 2 then
S(Ad|K) = S(A2|K) and T (Ad|K) = T (A2|K):
In the next step, we return to the “classical” situation, i.e. we consider the case of
sums of squares. According to the general solution of Hilbert’s 17th problem, we have
1 ∈ S(V |K) for all varieties V over K . Therefore, it remains to characterize the pairs
V |K which satisfy 1 ∈ T (V |K). So far such a characterization has only been known
for V =Ad. In Section 4, we solve the general case. For example, if V is a smooth
variety over K then 1 ∈ T (V |K) if and only if V (K)≥ is dense in Sper K[V ], where
V (K)≥ = { ∈ Sper K[V ]|K[V ]=supp() = K}
denotes the subspace of the “K-rational points” of Sper K[V ]. Finally, we treat the
question which semigroups M ⊂N are realized as some T (V |K). In the case of S(V |K)
this problem was solved in [3]: Let P0 be any set of prime numbers and let 〈P0〉⊂N be
the semigroup with 1, generated by P0, then there exists a $eld K such that S(V |K) =
〈P0〉 for all varieties V over K [3, Corollary 2.4]. But in the case of T (V |K) so far
only examples for T (V |K) = ∅, T (V |K) = {1} and T (V |K) =N have been known. In
the $nal section, we will show that for every set P0 of prime numbers with 2 ∈ P0
there exists a $eld K such that T (Ad|K) = 〈P0〉 for all d ∈ N.
0.1. Notations and conventions
All $elds are assumed to be of characteristic 0. By a variety over K we mean an
integral aBne scheme V = SpecA of $nite type over K . Given x ∈ V and f ∈ A we
let K(x) denote the residue $eld of x, f(x) its residue class in K(x) and Vreg the set
of regular points of V .
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Let V be a variety over K and let L|K be any $eld extension. By de$nition, an
L-rational point of V is a morphism x : SpecL → SpecA of schemes over K and
we let V (L) denote the set of L-rational points of V . Each x ∈ V (L) is induced by
a unique K-homomorphism x∗ :A → L. Given any f ∈ A and x ∈ V (L) we call
K(x):=quot(x∗(A)) the residue $eld of x and f(x):=x∗(f) the value of f at x. Let
Nx = ker(x∗) ∈ SpecA. Then K(x) ∼= K(Nx) and we will identify f(x) with f(Nx) via
this map. A point x ∈ V (L) will be called regular if x : SpecL → SpecA is smooth.
V (L)reg is the set of regular points of V (L). Since char(K) = 0, x ∈ V (L) is regular if
and only if Nx ∈ Vreg. In order to apply model theoretic techniques we will often $x a
representation
A = K[X1; : : : ; Xn]=(f1; : : : ; fk) = K[x1; : : : ; xn];
where xi denotes the residue class of Xi in A. Let y ∈ V (L) and yi = y∗(xi) ∈ L for
i = 1; : : : ; n. We will identify V (L) via
V (L) → An(L) :y → (y1; : : : ; yn)
with the L-algebraic set
{y ∈ An(L) |f1(y) = · · ·= fk(y) = 0}:
Let d = dim V . Then y ∈ V (L)⊂An(L) is regular if and only if the Jacobian matrix
J (f1; : : : ; fk) evaluated at y has rank n − d. Hence, there exists a $rst-order formula
Vreg in the language of $elds (with constants from K) such that for any extension $eld
L|K and any y ∈ V (L) we have
y ∈ V (L)reg ⇔ L |= Vreg(y):
If the function $eld K(V ) of V is not real then S(V |K)=N=T (V |K) by [4, Corollary
1:2]. Therefore, we assume throughout this paper that all considered varieties V are
real, i.e. the function $eld K(V ) is a real $eld.
Finally, let p be a prime number and f ∈ K(V ) a rational function on V with f ∈∑
K(V )2p. By the expression “there is a closed point x ∈ Vreg with f(x) ∈
∑
K(x)2p”
we mean that there are g ∈ K[V ] and a closed point x ∈ Vreg with g2pf ∈ K[V ] and
(g2pf)(x) ∈∑K(x)2p. Hence, p ∈ S(V |K) if and only if for every rational function
f ∈ K(V ) with f ∈∑K(V )2p there exists a closed point x ∈ Vreg such that f(x) ∈∑
K(x)2p.
1. Characterization of S(V |K)
In this section, we use both model theory and valuation theory to characterize
S(V |K). In the $rst step we will investigate S(V |K) from the model theoretic point
of view. By [4, Theorem 1:8], S(V |K) is a semigroup with 1, generated by a set of
primes. Thus, it is suBcient to $nd a necessary and suBcient condition for a prime p
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to be in S(V |K). Given any prime p and any $eld F , then∑
F2p =
⋂
P;
where P ranges over all orderings of F of level 1 or p [1, Satz 2:18]. We will show
that p ∈ S(V |K) if and only if∑
K(V )2p =
⋂
P;
where P ranges over a certain subclass of orderings of K(V ). For convenience, we
recall the basic notions which will be used in the formulation of the precise statement.
Details and further references can be found in [3,4,10].
Let L be any real $eld, p a prime and Zˆp the additive group of the p-adic integers.
A homomorphism
’ :L∗ → {1;−1} × Zˆp
is called a chain signature of L if ker(’) is a valuation fan. Equivalently, there are
a total order Q⊂L, a valuation v of L compatible with Q and a homomorphism
N’ : v(L∗) → Zˆp such that
’ = signQ × ( N’ ◦ v);
see [10, Corollary 2]. Given a chain signature ’ and n ∈ N we set
Ppn(’):=’−1(1× pnZˆp) ∪ {0}:
Note that P1(’) is a total order of L. We call ’ p-primary if there is some n ∈ N
with P1(’) = Ppn(’). Otherwise, we say that ’ is a trivial chain signature.
Now let F |K be a $eld extension and let ’ be a chain signature of F . We let (Fˆ ; ’ˆ)
denote the real closure of (F; ’) and Kˆ the relative algebraic closure of K in Fˆ . Recall
that (Kˆ ; ’ˆ|Kˆ) is the real closure of (K; ’|K) [4, Proposition 1:20]. Moreover, if ’ is a
trivial chain signature, then Fˆ is just the usual real closure of F with respect to the
total order P1(’).
Finally, let Lp be the extension of the language of $elds by a unary predicate Ppn
for each n ∈ N0. Thus, if ’ is a chain signature of F , then (F; (Ppn(’))n∈N0 ) is in a
canonical way a Lp-structure.
Denition 1.1. Let F |K be a $eld extension. A chain signature ’ of F is called
K-admissible if (Kˆ ; ’ˆ|Kˆ) is an elementary substructure of (Fˆ ; ’ˆ) with respect to the
language Lp.
Note that every trivial chain signature of F is K-admissible since in this situation
Fˆ and Kˆ are real closed $elds in the sense of Artin–Schreier. Admissible p-primary
chain signatures can be characterized as follows: Given any p-real closed $eld R we
let J (R) denote the largest valuation ring of R such that the corresponding residue
$eld is real closed. Back to our situation above, we get from [4, Theorem 2:5]: If ’
is a p-primary chain signature of K , then Kˆ is an elementary substructure of Fˆ if and
only if
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(1) Kˆ is p-real closed, and
(2) J (Fˆ)
⋂
Kˆ = J (Kˆ).
Let us return to the problem we are concerned with. Given any variety V over K it
follows from [1, Satz 2.18] and [10, Proposition 6] that∑
K(V )2p =
⋂
Pp(’);
where ’ runs through the chain signatures of K(V ). If p ∈ S(V |K) it is even suBcient
to consider the K-admissible chain signatures, as we will show now.
Proposition 1.2. Let V be a variety over K with function 9eld F and let p be a
prime. Then
p ∈ S(V |K) ⇔
∑
F2p =
⋂
Pp(’);
where ’ ranges over the K-admissible chain signatures of F .
Proof. “⇒”: Let f ∈ K[V ] \∑F2p. Then, there exists a closed point x ∈ Vreg with
f(x) ∈∑K(x)2p, as p ∈ S(V |K). Since x is regular the evaluation map ex : K[V ] →
K(x) extends to a place
 : F → K(x) ∪∞:
As f(x) ∈∑K(x)2p there is a chain signature  of K(x) with f(x) ∈ Pp( ). By [10,
Lemma 9],  can be lifted to a chain signature ’ of F , i.e.
’(y) =  ( (y))
for all y ∈ B , where B denotes the valuation ring of  . If  is trivial we let ’
denote a lifting of  which is trivial as well. Since  extends ex, we have K[V ]⊂B .
Hence, ’(f) =  ( (f)) =  (f(x)). Now f(x) ∈ Pp( ) implies f ∈ Pp(’). Therefore,
it remains to show that ’ is K-admissible. If  is trivial then ’ is trivial, hence
K-admissible. So assume that  is p-primary. Let (Fˆ ; ’ˆ) be the real closure of (F; ’)
and Kˆ the relative algebraic closure of K in (Fˆ ; ’ˆ). Since ’|K =  , we see that Kˆ is
a real closure of (K;  ) [4, Proposition 1:20]). In particular, Kˆ is p-real closed. Now
let  ′ be a real extension of  to Fˆ and let B ′ be the valuation ring of  ′. By [5,
Proposition (1:1)], B ′ is Henselian. Hence, the residue $eld Fˆ ′ of  ′ is isomorphic
to a relatively algebraically closed sub$eld of Fˆ . Since Fˆ ′ is algebraic over K , Fˆ ′
is isomorphic to Kˆ . Let  0 : Kˆ → R0 ∪∞ be the canonical surjective place associated
with J (Kˆ). Then R0 is real closed. Now let
B:= 
′−1(J (Fˆ ′))
and let  ′0 be the place corresponding to B. Then  
′
0 is an extension of  0 with real
closed residue $eld R0, i.e. B⊂ J (Fˆ). Thus, J (Kˆ)⊂ J (Fˆ) ∩ Kˆ as B ∩ Kˆ = J (Kˆ). But
from the de$nition of the rings J (Fˆ); J (Kˆ) we immediately get J (Fˆ) ∩ Kˆ ⊂ J (Kˆ).
Hence J (Kˆ) = J (Fˆ) ∩ Kˆ . Therefore, ’ is a K-admissible chain signature of F .
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“⇐”: Let f ∈ K[V ] \∑F2p. We have to $nd a closed point x ∈ Vreg with f(x) ∈∑
K(x)2p. We proceed as follows. By assumption there exists a K-admissible chain
signature ’ of F with f ∈ Pp(’). We keep ’ $xed. Next, assume
K[V ] = K[X1; : : : ; Xn]=(f1; : : : ; fk)
and consider the Lp-formula
(Z):=Vreg(Z) ∧@Pp(f(Z)):
Let x=(x1; : : : ; xn) be the image of the indeterminates X1; : : : ; Xn in K[V ]. By the choice
of ’ˆ and  we have (Fˆ ; ’ˆ) |= (x). Since (Kˆ ; ’ˆ|Kˆ) is an elementary substructure of
(Fˆ ; ’ˆ) we get
(Kˆ ; ’ˆ|Kˆ) |= ∃y(y):
But this implies that there exists a closed point y ∈ Vreg with f(y) ∈
∑
K(y)2p.
In particular, this result provides a new proof of [3, Proposition 1:9]:
Corollary 1.3. Let V;W be birationally equivalent varieties over K . Then
S(V |K) = S(W |K):
So far, we have used the characterization of sums of 2nth powers via orderings of
higher level. There is another one in the framework of valuation theory. Let x ∈∑K2.
Then, we have [2, Theorem 1:9]:
x ∈
∑
K2n ⇔ 2n|v(x) for all real valuations v of K:
Now let V be a set of real valuations of K . We call V a p-deciding family for K if
for all x ∈∑K2:
x ∈
∑
K2p ⇔ 2p | v(x) for all v ∈V:
In the next step, we will show that the semigroup S(V |K) can be described by the
existence of certain deciding families for the function $eld K(V ).
Let F |K be a function $eld. Given a prime p we let Vp(F) denote the set of real
valuations v of F which satisfy the following conditions:
(V1) The residue $eld Fv admits an Archimedean ordering.
(V2) v(K) ⊂pv(F).
(V3) The relative divisible hull v(K)div of v(K) in v(F) is a convex subgroup.
Theorem 1.4. Let V be a variety over K with function 9eld F and let p be a prime.
Then
p ∈ S(V |K) ⇔Vp(F) is a p-deciding family for F:
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Proof. Let f ∈ F with f ∈∑F2 \∑F2p. We $rst assume p ∈ S(V |K). Then, there
exists a closed point x ∈ Vreg with f(x) ∈
∑
K(x)2p. Let ex :K[V ] → K(x) be the
corresponding evaluation map. Since x is regular, ex extends to a place
 : F → K(x) ∪∞:
Moreover, since  (f) = f(x) ∈ ∑K(x)2p there exists a real valuation w of K(x)
such that w(f(x)) ∈ 2pw(K(x)). We may assume w.l.o.g. that the residue $eld of
w admits an Archimedean ordering. Let Aw be the valuation ring of w and let v be
the valuation corresponding to  −1(Aw). Then, v ∈Vp(F) and w(f(x)) ∈ 2pw(K(x))
implies v(f) ∈ 2pv(F). Next, assume that Vp(F) is a p-deciding family for F and
let f ∈ F be as before. By Proposition 1:2 it is suBcient to show that there is a
K-admissible chain signature ’ of F with f ∈ Pp(’). In the $rst step, we prove that
there are v ∈Vp(F) and a homomorphism N’ : v(K) → Zˆp such that
(1) N’(v(f)) ∈ pZˆp;
(2) N’(v(K)) ⊂pZˆp.
By assumption there is v ∈ Vp(F) with v(f) ∈ 2pv(F). Let N’1 : Zv(f) ,→ Zˆp be
the canonical embedding. Pick any ) ∈ v(K) \ pv(F). First assume v(f)− ) ∈ pv(F).
Since Zv(f) is a p-pure subgroup of v(F) and since Zˆp is p-pure injective, N’1 extends
to a homomorphism N’ : v(F) → Zˆp. Then N’(v(f)); N’()) ∈ pZˆp. So assume v(f)−) ∈
pv(F). Then Zv(f) is a p-pure subgroup of
G = v(F)
[
v(f)− )
pn
∣∣∣∣ n ∈ N
]
:
Thus, N’1 extends to a homomorphism N’G : G → Zˆp and the construction of G shows
N’(v(f)); N’()) ∈ pZˆp. Hence the restriction N’ of N’G to v(F) is a homomorphism of
the desired kind. Now let Q⊂F be a total order compatible with v and set
’:=signQ × ( N’ ◦ v):
Note that f ∈ Pp(’). Thus, it remains to show that ’ is a K-admissible chain signature
of F . Let Fˆ be the real closure of (F; ’) and let Kˆ be the relative algebraic closure of
K in Fˆ . Then, Kˆ is p-real closed by (2). Let vˆ be a real extension of v to Fˆ . Since
vˆ(Kˆ) is a convex subgroup of vˆ(Fˆ) we get J (Fˆ)∩ Kˆ =J (Kˆ), hence Kˆ ≺ Fˆ . This shows
that ’ is a K-admissible chain signature of F .
2. Varieties over function elds
Let K be a function $eld over k with tr.d.(K |k) ≥ 1. In this section, we will prove
that S(V |K) =N for every variety over K . This result is essential for the study of the
semigroup S(V |K) in the general situation as will become apparent later on.
Let R be a $eld which is either real closed or p-real closed. Then R admits a
Henselian valuation w with Archimedean real closed residue $eld (cf. [4, Theorem
1.4]) and we let A(R)⊂R denote the valuation ring of w. Let Q⊂R be a total order.
Then w is compatible with Q and R is real closed with respect to a chain signature
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’=signQ×( N’◦w) (R is real closed iQ N’ is the trivial map). Now let X be transcendental
over R. Extend Q to a total order P⊂R(X ) such that the value group of the natural
valuation wP of P has the form
Z · wP(X )⊕ wP(R)
with Z · wP(X ) a convex subgroup of wP(R). Let i : Z → Zˆp be the canonical
embedding. Then,
 :=signP × ((i ⊕ N’) ◦ wP)
is a p-primary chain signature of R(X ) extending ’. We let Rp denote the real closure
of (R(X );  ). Note that Rp does not depend on the choice of Q and the construction
of Rp implies A(Rp) = J (Rp). Moreover, if g : R → L is a homomorphism and L is
real closed or p-real closed, then g extends in a canonical way to a homomorphism
gp : Rp → Lp. Hence, we may regard Rp as a sub$eld of Lp. Then A(Lp) = J (Lp)
implies J (Lp) ∩ Rp = A(Rp) = J (Rp). Hence Rp ≺ Lp.
The next result generalizes [3, Theorem 3:1] where the corresponding statement was
proven for function $elds over totally Archimedean $elds.
Theorem 2.1. Let K be a function 9eld over k with tr:d:(K |k) ≥ 1. Then; for every
irreducible variety over K:
S(V |K) =N:
Proof. Let F be the function $eld of V . Since K |k is a function $eld, there exists
k ′⊂K such that tr:d:(K |k ′) = 1. Therefore, we may assume w.l.o.g. that tr.d.(K |k) = 1.
Thus,
K = k(X )[Y ]=(g) = k(X; y)
for some irreducible polynomial g which is nonconstant with respect to Y . Next $x a
representation
F = K(T )[U ]=(h) = K(T; u) = k(X; T; y; u);
where T =(T1; : : : ; Tn) is a tuple of indeterminates and h ∈ k[X; Y; T; U ] is an irreducible
polynomial which is nonconstant with respect to U . By Corollary 1.3 we may assume
w.l.o.g.
V = SpecK[T; U ]=(h):
Let f ∈∑F2 \∑F2p. Then there exists a p-real closure R⊃F with f ∈ R2p. Let k˜
be the relative algebraic closure of k in R. Then, the following diagram commutes:
F – R – Rp
| | |
k – k˜ – k˜p
:
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By de$nition of the $elds Rp; k˜p we have J (Rp) = A(Rp) and J (k˜p) = A(k˜p). Thus
k˜p ≺ Rp by [4, Theorem 2:3]. Now let S(x; y; t; u) be the formula
g(x; y) = 0 ∧ h(x; y; t; u) = 0 ∧
rank
((
gy 0
hy hu
)
(x; y; t; u)
)
= 2 ∧@Pp(f(x; y; t; u)):
Then Rp |= (X; y; T; u). Hence,
k˜p |= ∃x0; y0; t0; u0 (x0; y0; t0; u0):
Let Q⊂ k˜p be a total order. By the implicit function theorem for p-real closed $elds
there exists 0 ∈ Q\{0} such that for all z ∈ ]x0−0; x0+0[= : I there are z1; z12 ; : : : ; zn2 ; z3 ∈
k˜p with k˜p |= (z; z1; z2; z3). Since I contains an element which is transcendental over
k, we may assume w.l.o.g. that x0 is transcendental over k. Hence,
K = k(X; y)  k(x0; y0)⊂ k˜p:
Therefore, we consider K as a sub$eld of k˜p. Then k˜p is algebraic over K and (t0; u0) ∈
V (k˜p). From the de$nition of  we see
(t0; u0) ∈ V (k˜p)reg and f(t0; u0) = f(x0; y0; t0; u0) ∈ k˜2pp :
Hence, f(x0; y0; t0; u0) ∈
∑
K(t0; u0)2p.
In view of Theorem 2.1 the next result can be proved in the same manner as [3,
Theorem 3:4], where varieties over totally Archimedean $elds were considered. For
convenience we restate the proof.
Proposition 2.2. Let K be any 9eld and let V be a smooth variety over K with
dim V ≥ 2. Then for f ∈ K[V ] and n ∈ N the following statement holds:
f ∈
∑
K(V )2n ⇔ for every irreducible curve C ⊂V :f|C ∈
∑
K(C)2n:
Proof. Let C ⊂V be an irreducible curve. Then K[C] ∼= K[V ]=˝ for some ˝ ∈
SpecK[V ]. Hence we have a canonical homomorphism 8 : K[V ] → K(C). Since
K[V ] is regular, 8 extends to a real place
 : K(V ) → K(C) ∪∞:
Let f ∈∑K(V )2n. Then f|C =8(f)= (f) ∈∑K(C)2n, as  is real. For the converse
direction $x a representation
K[V ] = K[x1; : : : ; xm] = K[X1; : : : ; Xm]=˝:
We may assume w.l.o.g. that x1 is not algebraic over K . Let S = K[X1] \ {0}. Then
K(X1)[X2; : : : ; Xm]=˝S ∼= K[V ]S :
Let W = SpecK[V ]S . Then W is a variety over K(X1). Let f ∈ K[V ]. We consider f
as a regular function on W via the canonical embedding
’ : K[V ] → K[V ]S = K(X1)[W ]:
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By Theorem 2.1 we have
(∗) f ∈
∑
K(V )2n ⇔ f(z) ∈
∑
K(X1)(z)2n for all closed points z ∈ Wreg:
The embedding ’ induces a morphism
’∗ : W = SpecK[V ]S → SpecK[V ] = V:
Given a closed point z ∈ W , then ’∗(z) is the kernel of the homomorphism
’z : K[V ] → K[V ]S → K(X1)(z):
Hence the point z corresponds to some ˝ ∈ SpecK[V ] with dim ˝=1. Now the claim
follows from (∗).
Before stating further consequences of Theorem 2.1, we mention the following simple
fact:
Lemma 2.3. Let K be any 9eld and let V be a variety over K. Given d ∈ N then
S(V ×Ad|K)⊂ S(V |K) and T (V ×Ad|K)⊂T (V |K):
Proof. Let n ∈ N and f ∈ K(V ) \∑K(V )2n. Then one readily veri$es f ∈∑K(V )
(X1; : : : ; Xd)2n =
∑
K(V × Ad)2n which implies S(V × Ad|K)⊂ S(V |K) and T (V ×
Ad|K)⊂T (V |K).
In particular, we have the sequences
S(A1|K)⊃ S(A2|K)⊃ S(A3|K)⊃ : : : ;
T (A1|K)⊃T (A2|K)⊃T (A3|K)⊃ : : :
In view of Theorem 2.1 we get the stronger result:
Corollary 2.4. Let K be any 9eld and let d ∈ N with 2 ≤ d. Then
S(Ad |K) = S(A2 |K)⊂ S(A1|K):
Proof. It remains to show S(A2|K)⊂ S(Ad|K) for d ≥ 3. By Theorem 2.1 we know
S(Ad−1 |K(X1)) =N. Hence,
(∗) T (Ad−2 |K(X1; X2)) =N
by [3, Proposition 1:11]. Now let p ∈ S(A2 |K) and
f ∈ K(X1; : : : ; Xn) \
∑
K(X1; : : : ; Xn)2p:
According to (∗) we $nd g3; : : : ; gd ∈ K(X1; X2) such that
f(X1; X2; g3(X1; X2); : : : ; gd(X1; X2)) ∈
∑
K(X1; X2)2p:
R. Berr, F. Delon / Journal of Pure and Applied Algebra 161 (2001) 269–294 279
By assumption p ∈ S(A2 |K). Hence there exist z1; z2 in the algebraic closure C of K
with
f(z1; z2; g3(z1; z2); : : : ; gd(z1; z2)) ∈
∑
K(z1; z2)2p:
Therefore, S(A2 |K)⊂ S(Ad |K).
In Section 3, we will see that the same statement holds for T (Ad|K). In the proof
of Corollary 2.4 we have used beside Theorem 2.1 the following result [3, Proposi-
tion 1:11]: if X is transcendental over K , then
S(Ad+1 |K)⊂T (Ad |K(X ))
for every d ∈ N. In order to obtain stronger versions of Corollary 2.4 we need a
generalization of this result. To this end we consider the following set: given any $eld
K let
S(K):={n ∈ N | n ∈ S(V |K) for all varieties V over K}:
By [3, Theorem 1:8], S(V |K) is a multiplicative semigroup with 1, generated by a set
of primes. Hence
Corollary 2.5. S(K) is a multiplicative semigroup with 1; generated by a set of
primes.
The next result generalizes [3, Theorem 1:12].
Theorem 2.6. Let K be a function 9eld over k with tr:d:(K |k) ≥ 1. Then; for all
d ∈ N
S(k)⊂T (Ad|K):
Proof. By [3, Theorem 1:12] we know 1 ∈ T (Ad |K). So let p ∈ S(k) be a prime
number and let
f ∈
∑
K(Z1; : : : ; Zd)2 \
∑
K(Z1; : : : ; Zd)2p:
We have to show that there is z ∈ Ad(K) with f(z) ∈ ∑K2p. As in the proof of
Theorem 2.1 we may assume tr.d.(K |k) = 1, i.e.
K = k(X )[Y ]=(g)
for some irreducible polynomial g ∈ k[X; Y ] which is nonconstant relative to Y . Let
V = Spec k[X; Y ]=(g):
We may assume w.l.o.g.
f ∈ k[X; Y; Z1; : : : ; Zd]=(g) = k[X; y; Z1; : : : ; Zd] = k[V ×Ad]:
Then, we can regard f as a regular function on V ×Ad. Let C be the algebraic closure
of K . By Theorem 2.1 we know p ∈ S(Ad |K). Hence, there is z ∈ Ad(C) with
f(X; y; z) ∈
∑
K(z)2p:
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Consequently, there is a p-real closed algebraic extension R⊃K(z) with f(X; y; z) ∈
R2p. Note that
(X; y) ∈ V (R)reg and @g@Y (X; y) = 0:
Let Q⊂R be any total order. By the implicit function theorem for Henselian-valued
$elds there exist some open interval I ⊂R containing X and a function ’ : I → R
such that for all x′ ∈ I :
(x′; ’(x′)) ∈ V (R)reg and f(x′; ’(x′); z) ∈ R2p:
Let Q′ = K ∩ Q. Then we get an extension (K;Q′)⊂(R;Q) of ordered $elds. By [3,
Lemma 1:10] there are x0 ∈ I and polynomials g1 : : : ; gd ∈ K[T ] such that zi = gi(x0).
Hence,
(∗) f(x0; ’(x0); g1(x0); : : : ; gd(x0)) ∈
∑
R2p:
Moreover, it follows easily from the proof of [3, Lemma 1:10] that we can assume in
addition that x0 is transcendental over k. But then there is a canonical k-isomorphism
 : k(x0; ’(x0)) → K = k(X; y):
Hence, it follows from (∗) that there are z′1; : : : ; z′d ∈ K with f(X; y; z′1; : : : ; z′d) ∈
∑
K2p.
This result has the following remarkable consequence.
Corollary 2.7. Let K be a function 9eld over k with tr:d:(K |k) ≥ 2. Then; for any
d ∈ N
T (Ad |K) =N:
Proof. Pick an intermediate $eld k ⊂F ⊂K with tr.d.(F |k) = 1. Then Theorem 2.1
shows S(F) =N. Hence T (Ad|K) =N by Theorem 2.6.
In Proposition 5.4 we will see that in general, the assumption tr.d.(K |k) ≥ 2 is indeed
necessary: there are function $elds K |k of transcendence degree 1 with T (Ad|K)={1}
for all d ∈ N.
3. Some independence results
In this section, we will draw several consequences from the previous results. They
can be regarded as the very $rst steps towards an aBrmative answer to the following
independence-conjecture.
Conjecture. Given any 9eld K and varieties V;W over K; then
S(V |K) = S(W |K):
In other words; S(V |K) = S(K) for all varieties over K .
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Proposition 3.1. Let K be an arbitrary 9eld and let V be a variety over K with
dim(V ) ≥ 2. Then for all d ∈ N
S(V |K) = S(V ×Ad|K) and T (V |K) = T (V ×Ad|K):
Proof. We $x a representation
K[V ] = K[x1; : : : ; xm] = K[X1; : : : ; Xm]=(g1; : : : ; gl):
By Lemma 2.3 we know S(V ×Ad|K)⊂ S(V |K). So let p ∈ S(V |K) and
f ∈ K[x1; : : : ; xm; Y1; : : : ; Yd]
∖∑
K(x1; : : : ; xm; Y1; : : : ; Yd)2p :
By Corollary 2.7 we $nd h1; : : : ; hd ∈ K(V ) such that
f(x1; : : : ; xm; h1; : : : ; hd) ∈
∑
K(V )2p:
By assumption p ∈ S(V |K). Hence, there exists z ∈ Vreg with
f(z; h1(z); : : : ; hd(z)) ∈
∑
K(z)2p:
Thus, S(V |K)⊂ S(V ×Ad|K). The second statement can be proved in the same way.
As an immediate consequence we get the following analog to Corollary 2.4.
Corollary 3.2. Let K be any 9eld and let d ∈ N with 2 ≤ d. Then
T (Ad|K) = T (A2|K)⊂T (A1|K):
In order to obtain a similar result for arbitrary varieties over K we $rst mention the
following fact.
Lemma 3.3. Let V be a variety over K and assume T (V |K) = ∅. Then; V (K)reg is
Zariski-dense in V .
Proof. Assume that V (K)reg is not Zariski-dense in V . Then there is a regular function
0 = f ∈ K[V ] which vanishes on V (K)reg. Pick any g ∈ K[V ] with g ∈
∑
K(V )2.
Then gf2 ∈∑K(V )2 as well but gf2 vanishes on V (K)reg. Hence, 1 ∈ T (V |K). Now
[3, Proposition 1:6] shows T (V |K) = ∅.
Corollary 3.4. Let V be a variety over K with dim(V ) ≥ 2. Then
T (V |K)⊂T (A2|K):
Proof. The claim is trivial if T (V |K) = ∅. So assume that T (V |K) is not empty. Let
p ∈ T (V |K) and
f ∈ K(T1; T2)
∖∑
K(T1; T2)2p :
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By Lemma 3.3 there exists x ∈ V (K)reg. The evaluation map ex : K[V ] → K extends
to a place
 x : K(V ) → K ∪∞:
Moreover,  x extends canonically to a place
 : K(V )(T1; T2) → K(T1; T2) ∪∞
with  (Ti)=Ti. Then  (f)=f. Hence, f ∈
∑
K(V )(T1; T1)2p as  is real. By Corollary
2.7 we $nd h1; h2 ∈ K(V ) with
f(h1; h2) ∈
∑
K(V )2p:
Now p ∈ T (V |K) implies p ∈ T (A2|K).
Exactly, the same argument proves the following statement.
Corollary 3.5. Let V be a variety over K with dim(V ) ≥ 2 and assume that V (K)reg
is not empty. Then S(V |K)⊂ S(A2|K).
Finally, we use Theorems 2.1 and 1.4 to give a new characterization of the semigroup
S(K).
Proposition 3.6. Let K be any 9eld. Then
S(K) = {n ∈ N | n ∈ S(C|K) for all curves C over K}:
Proof. By de$nition, S(K) is contained in the set on the right-hand side. So let p be
a prime number and assume p ∈ S(C|K) for all curves C over K . Given any variety
V over K with dimV ≥ 2 we have to show p ∈ S(V |K). Let F = K(V ) and
K[V ] = K[x1; : : : ; xm] = K[X1; : : : ; Xm]=(g1; : : : ; gl):
We may assume w.l.o.g. that the residue class x1 of X1 is transcendental over K . Let
W = SpecK(X1)[X2; : : : ; Xm]=(g1; : : : ; gl):
Now pick any f ∈ F \∑F2p. Since by Theorem 2.1 S(W |K(x1)) =N, there exists a
closed point z ∈ Wreg with
f(x1; z) ∈
∑
K(x1)(z)2p:
Let  : F → K(x1)(z) ∪ ∞ be the extension of the evaluation homomorphism ez :
K(x1)[W ] → K(x1)(z). Next, let C be any model of K(x1)(z) |K . Then C is a curve
and by assumption we have p ∈ S(C |K). Hence, there exists by Theorem 1.4 a
real valuation w of K(C) = K(x1)(z) such that w ∈ Vp(K(C)) and w(f(x1; z)) ∈
2pw(K(C)∗). Let A⊂K(C) be the valuation ring of w and let v be the canonical
valuation of F corresponding to  −1(A). Then, v(f) ∈ 2pv(F∗). Since, w(K(C)∗)
corresponds to a convex subgroup of v(F∗) and since the residue $elds of v and w
coincide, we get v ∈Vp(F). Hence, Theorem 1.4 implies p ∈ S(V |K).
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Corollary 3.7. Let K be any 9eld and assume S(K) = S(C|K) for all curves over K .
Then S(K) = S(V |K) for all varieties V over K with V (K)reg = ∅.
Proof. Let V be a variety over K with dim V ≥ 2 and V (K)reg = ∅. By de$nition
S(K)⊂ S(V |K) and Corollary 3.5, Corollary 2.4 show S(V |K)⊂ S(A2|K)⊂ S(A1|K).
By assumption S(K) = S(A1|K). Hence S(V |K) = S(K).
4. The classical case – sums of squares
Let V be any irreducible variety over K . Then 1 ∈ S(V |K) according to the general
solution of Hilbert’s 17th problem. In contrast to this, we may have T (V |K) = ∅.
Example 4.1. Let K = R((X )). Then T (V |K) = ∅ for all varieties over K (see [4,
Theorem 2.6]).
It is the goal of this section to characterize the pairs V |K which satisfy T (V |K) = ∅.
By [3, Proposition 1:6] we know that T (V |K) is not empty if and only if 1 ∈ T (V |K).
Therefore, it is suBcient to determine the pairs V |K with 1 ∈ T (V |K).
Let us recall some known results on this problem. If K is a real closed $eld then
1 ∈ T (V |K) for all varieties over K by the solution of Hilbert’s 17th problem. Next,
assume that
∑
K2 is already a total order and let R be the real closure of (K;
∑
K2).
Then it follows from McKenna’s result [8] that 1 ∈ T (Ad|K) if and only if K is
dense in R. In 1979, Prestel generalized this result: if K admits only $nitely many
total orders, then 1 ∈ T (Ad|K) if and only if K is dense in every real closure of K
[9]. Note, if K is an arbitrary $eld then in general this equivalence does not hold.
Example 4.2. Let K be any function $eld over R with tr.d.(K |R) ≥ 1. Then, 1 ∈
T (Ad|K) by Theorem 2.6. But K is not dense in any of its real closures.
In 1988, Zeng Guangxin solved the problem for aBne spaces over arbitrary $elds.
He calls K locally dense, if for every $nite real extension L⊃K and all a; b ∈ L
there is a total order Q⊂L such that the open interval (a; b)Q ⊂L with respect to Q
contains a point x ∈ K . Now, given any d ∈ N, then 1 ∈ T (Ad|K) if and only if K
is locally dense [11, Theorem 3]. In this section we will prove in a similar manner
a corresponding result for arbitrary varieties. Using the real spectrum of a ring we
will eventually obtain a purely geometric description of the pairs V |K which satisfy
1 ∈ T (V |K). In particular, we will get a new characterization of locally dense $elds
which is more convenient from the geometric point of view.
Let A be any commutative ring and let Sper A be the real spectrum of A (see [6]).
Given  ∈ Sper A we set supp() =  ∩− and let k() denote the real closure of the
quotient $eld of A=supp() with respect to the total order induced by . In particular,
if A is a $eld, then k() is just the real closure of (A; ). Finally we $x an algebraic
closure Kˆ of our ground $eld K .
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Lemma 4.3. Let f ∈ K[X1; : : : ; Xd] and a ∈ Ad(Kˆ) such that L:=K(a) is real. Given
0 ∈ K∗ there is < ∈ K∗ such that for all  ∈ Sper L:
k() |= ∀x ∈ Ad(k()): ||a− x||¡<2 ⇒ |f(a)− f(x)|¡02:
Proof. Given < ∈ K∗ we set
C(<) := { ∈ SperL| k() |= ∀x∈Ad(k()): ||a− x||¡<2 ⇒ |f(a)−f(x)|¡02}:
Then, C(<) is a constructible subset of Sper L. Let  ∈ Sper L. Since K is coinitial in
k() we $nd < ∈ K∗ such that  ∈ C(<). By the compactness of Sper L there are
$nitely many <1; : : : ; <k ∈ K∗ such that
Sper L =
k⋃
i=1
C(<i):
Now let
<:=
k∏
i=1
<2i
1 + <2i
∈ K∗:
Then Sper L = C(<).
As an immediate consequence we get the following fact which can also be found
in [11].
Corollary 4.4. Let f ∈ K[X1; : : : ; Xd] and a ∈ Ad(Kˆ) such that L:=K(a) is real and
f(a) = 0. Then; there is < ∈ K∗ such that for all  ∈ Sper L:
k() |= ∀ x ∈ Ad(k()): ||a− x||¡<2 ⇒ f(a) · f(x)¿ 0:
We are now prepared to prove the characterization mentioned above.
Proposition 4.5. Let V be a variety over K . Then the following statements are
equivalent:
(1) 1 ∈ T (V |K).
(2) 1 ∈ T (V ×A1|K).
(3) Let f ∈ K[V ×A1]. If there are a real closure R of K and z ∈ V (R)reg ×A1(R)
with f(z) = 0; then for every 0 ∈ K∗ there are y ∈ V (K)reg ×A1(K) and a total
order Q⊂K such that f(y)2 ¡Q 02.
(4) Given a real closure R of K; z ∈ V (R)reg × A1(R) and 0 ∈ K∗; there are y ∈
V (K)reg ×A1(K) and a total order Q⊂K(z) such that ||z − y||¡Q 02.
Proof. Let us $x representations
K[V ] = K[x1; : : : ; xm] = K[X1; : : : ; Xm]=(g1; : : : ; gl)
and
K[V ×A1] = K[x1; : : : ; xm; T ]:
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We will prove the implications (1) ⇒ (2) ⇒ (3) ⇒ (4) ⇒ (1). So assume 1 ∈ T (V |K)
and let
f ∈ K[V ×A1]
∖∑
K(V ×A1)2 :
By Theorem 2.6 we have 1 ∈ S(K)⊂T (A1 |K(V )). Hence, there is some h ∈ K(V )
such that
f(x; h(x)) ∈
∑
K(V )2;
where x = (x1; : : : ; xm). Since 1 ∈ T (V |K) we $nd z ∈ V (K)reg with
f(z; h(z)) ∈
∑
K2:
Thus, 1 ∈ T (V ×A1|K).
(2) ⇒ (3): Let f, R and z ∈ V (R)reg × A1(R) be as in (3). Let 0 ∈ K∗. From
f(z) = 0 we get f2− 02 ∈∑K(V ×A1)2. By (2) there is some y ∈ V (K)reg×A1(K)
with f2(y) − 02 ∈ ∑K2 which just means that there is a total order Q⊂K with
f2(y)¡Q 02.
(3) ⇒ (4): Given any h ∈ K[V ×A1] and  ∈ Sper K[V ×A1] we let h() ∈ k()
denote the image of h with respect to the canonical homomorphism 8 : K[V ×A1] →
k(). In particular, we set
x():=(x1(); : : : ; xm()) ∈ Am(k()):
Now let R⊃K be a real closure of K , z ∈ V (R)reg×A1(R) and 0 ∈ K∗. Let mz ⊂K[V×
A1] be the maximal ideal of z. Choose generators f1; : : : ; fk ∈ K[V ×A1] of mz and
let
f0:=
k∑
i=1
f2i :
In Sper K[V ×A1] we consider the set
C:={ | k() |= ∃z′: f0(z′) = 0 ∧ ||z′ − (x(); T ())||¡02}:
Then, C is constructible, since the theory of real closed $elds admits elimination of
quanti$ers. We claim that C is even open constructible. To this end it is suBcient to
show that C is closed under generalizations [6, Corollaire 7:1:21]. So let ? ∈ C and
let ⊂ ?. Then, there are a real closed extension k(?)⊃ k(?) and a place
 : k() → k(?) ∪∞
such that ? is induced by the homomorphism
 ◦ 8 : K[V ×A1] → K[V ×A1]=supp() → k(?)
[6, Proposition 10:2:3]. The valuation ring B ⊂ k() of  is Henselian as k() is real
closed. Hence, there is a sub$eld F ⊂ k() such that  induces an isomorphism between
F and k(?). Let a1; : : : ; am; b ∈ F such that
(a1; : : : ; am; b) = ( −1(x1(?)); : : : ;  −1(xm(?));  −1(T (?))):
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Since ? ∈ C we $nd z′ ∈ Am+1(F) with
f0(z′) = 0 ∧ ||z′ − (a1; : : : ; am; b)||¡02:
Since xi()− ai and T ()− b are in$nitesimally small with respect to F we still have
||z′ − (x(); T ()||¡02:
Hence  ∈ C which shows that C is open. Consequently, B:=Sper K[V × A1] \ C
is closed constructible and f0() = 0 for all  ∈ B. By the general “ Lojasiewicz
inequality” [7, Satz 9, p. 145] there are n ∈ N and h ∈ K[V ×A1] such that
(∗) (1 + 02)2n() ≤ (1 + h()2)f0()2
for all  ∈ B. Now let f:=(1 + h2)f20. Then f(z) = 0 where z ∈ V (R)reg ×A1(R) is
the element we started with. By (3) we $nd y ∈ V (K)reg ×A1(K) and a total order
Q⊂K with
f2(y)¡Q 02:
Let  ∈ Sper K[V ×A1] be the ordering induced by the homomorphism
K[V ×A1] → (K;Q) : (x; T ) → y:
Then f()2 ¡02. Now (∗) implies  ∈ C. Hence, we $nd z′ ∈ Am+1(k()) such that
(∗∗) k() |= f0(z′) = 0 ∧ ||z′ − (x(); T ())||¡0:
Let Q′⊂K(z′) be the total order induced by k(). It follows from the de$nition of f0
that the maximal ideal mz′ is just mz. Therefore, z and z′ are conjugated over K . Let
Q′′⊂K(z) be the image of Q′ under the corresponding conjugation. Then (∗∗) implies
||z − y||¡Q′′ 02
which shows (4).
(4) ⇒ (1): Let
f ∈ K[V ] \
∑
K(V )2:
Then there are a real closure R of K and z ∈ V (R)reg with f(z)¡ 0. In particular,
L:=K(z;
√−f(z)) is a real $eld. By Corollary 4.4 there is some 0 ∈ K∗ such that for
all total orders Q⊂L we have
(∗ ∗ ∗) (L; Q) |= ∀y = (y1; : : : ; ym+1) : ||(z;
√
f(z))− y||¡Q 02
⇒ f(z) · f(y)¿Q 0:
By (4) we $nd y ∈ V (K)reg ×A1(K) and a total order Q⊂L with
||(z;
√
−f(z))− y||¡Q 02:
Since f(z)¡Q 0, (∗ ∗ ∗) now implies f(y)¡Q 0. Therefore, 1 ∈ T (V |K).
In the next step, we will deduce from the last result a geometric description of the
pairs V |K with 1 ∈ T (V |K). Given any variety V over K we let
V (K)≥:={ ∈ Sper K[V ] | K[V ]=supp() = K}
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denote the subspace of the “K-rational points” of Sper K[V ] and
V (K)≥reg:={ ∈ V (K)≥ | supp() is regular}
the subspace of the “K-rational regular points” of Sper K[V ]. Finally, let
Cent(V )⊂Sper K[V ]
be the closure of the real spectrum Sper K(V ) of the function $eld of V .
Theorem 4.6. Let V be a variety over K . Then the following statements are equivalent:
(1) T (V |K) = ∅.
(2) 1 ∈ T (V |K).
(3) V (K)≥reg is dense in Cent(V ).
Proof. The equivalence of (1) and (2) was shown in [3, Proposition 1:6]. We $rst
prove (2) ⇒ (3). Let
K[V ] = K[x1; : : : ; xm] = K[X1; : : : ; Xm]=(g1; : : : ; gl)
and f1; : : : ; fk ∈ K[V ] such that
D(f1; : : : ; fk):={ ∈ Cent |f1; : : : ; fk ∈  \ supp()} = ∅:
Pick any  ∈ D(f1; : : : ; fk) ∩ Sper K(V ). Then x = (x1; : : : ; xm) ∈ V (k())reg and
k() |= f1(x)¿ 0 ∧ · · · ∧ fk(x)¿ 0:
Let R⊂ k() be the relative algebraic closure of K in k(). By the model completeness
of the theory of real closed $elds we $nd a ∈ V (R)reg with
(∗) R |= f1(a)¿ 0 ∧ · · · ∧ fk(a)¿ 0:
Let
L = K(a;
√
f1(a); : : : ;
√
fk(a))⊂R:
For each i ∈ {1; : : : ; k}, there is by Corollary 4.4 some <i ∈ K such that for all
? ∈ Sper L we have
k(?) |= ∀x ∈ Am(k(?)) : ||x − a||¡<2i ⇒ fi(x) · fi(a)¿ 0:
Let
<:=
k∏
1=1
<i
1 + <2i
:
Since fi(a) ∈ L2 for all 1 = 1; : : : ; n, then every ? ∈ Sper L even satis$es
(∗∗) k(?) |= ∀ x ∈ Am(k(?)) : ||x − a||¡<2 ⇒
k∧
i=1
fi(x)¿ 0:
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By Proposition 4.5 (4) we $nd y ∈ V (K)reg and ? ∈ Sper L with k(?) |= ||y−a||¡<2.
Now (∗∗) implies
k(?) |= f1(y)¿ 0 ∧ · · · ∧ fk(y)¿ 0:
Let ) ∈ V (K)≥reg be the ordering which corresponds to the homomorphism
’ :K[V ] = K[x1; : : : ; xm] → R : xi → yi:
Then ) ∈ D(f1; : : : ; fk). It remains to prove (3) ⇒ (2). Assume that f ∈ K[V ] is not
a sum of squares in the function $eld K(V ). Then D(−f)⊂Cent(V ) is not empty.
Since V (K)≥reg is dense in Cent(V ) there are some z ∈ V (K)reg and a total order Q⊂K
with f(z)¡Q 0. In other words, f(z) ∈
∑
K2. Hence, 1 ∈ T (V |K).
If V is a smooth variety, then V (K)≥reg = V (K)≥ and Cent(V ) = Sper K[V ]. Hence
we get
Corollary 4.7. Let V be an irreducible smooth variety over K . Then the following
statements are equivalent:
(1) T (V |K) = ∅.
(2) 1 ∈ T (V |K).
(3) V (K)≥ is dense in Sper K[V ].
Finally, let us have a look at locally dense $elds. By [11, Theorem 3] a $eld K is
locally dense if and only if 1 ∈ T (Ad|K) for some d ∈ N if and only if 1 ∈ T (Ad|K)
for all d ∈ N. Therefore, the last result implies
Corollary 4.8. For a 9eld K the following statements are equivalent:
(1) K is locally dense
(2) Ad(K)≥ is dense in Sper K[X1; : : : ; Xd] for some d ∈ N.
(3) Ad(K)≥ is dense in Sper K[X1; : : : ; Xd] for all d ∈ N.
Let V be a variety over K and assume 1 ∈ T (V |K). If dim V ≥ 2, then Corollaries
3:4 imply 1 ∈ T (Ad|K) for all d ∈ N. In the next step we will show that the same
holds for arbitrary varieties.
Corollary 4.9. Let V be a variety over K with 1 ∈ T (V |K). Then 1 ∈ T (Ad|K) for
all d ∈ N.
Proof. Let d ∈ N. Then an iterated application of Proposition 4.5 shows 1 ∈ T (V ×
Ad|K). Now let
f ∈ K[T1; : : : ; Td] \
∑
K(T1; : : : ; Td)2:
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As in the proof of Corollary 3.4 we see
f ∈
∑
K(V ×Ad)2 =
∑
K(V )(T1; : : : ; Td)2:
Hence, there are z1; : : : ; zd ∈ K with f(z1; : : : ; zd) ∈
∑
K2.
Let (K; v) be a real Henselian-valued $eld and assume that there is a variety V over
K with 1 ∈ T (V |K). Then, the value group of v is divisible as has been shown in [3,
Theorem 2:6]. In view of Proposition 4.5 we can now sharpen this result as follows.
Proposition 4.10. Let K be a real 9eld which admits a nontrivial Henselian valuation
v. Then the following statements are equivalent:
(1) K is real closed.
(2) 1 ∈ T (V |K) for all varieties V over K .
(3) 1 ∈ T (V |K) for some variety V over K .
(4) 1 ∈ T (A1|K).
Proof. The implication (1) ⇒ (2) is well known. Clearly (2) ⇒ (3) and by Corollary
4.9 we know (3) ⇒ (4). So assume 1 ∈ T (A1|K). Then the value group of v is
divisible as has been shown in [3, Theorem 2:6]. Therefore, it remains to prove that
the residue $eld Kv of v is real closed. Since v is Henselian there is a sub$eld L⊂K
which isomorphic to Kv under the canonical place
 v : K → Kv ∪∞
associated with v. Assume by way of contradiction that L is not real closed. Then there
exists a proper real extension K(z) ) K with z algebraic over L. Let w be the unique
extension of v to K(z). Then w is Henselian as well. Let y ∈ K . Then, w(z − y) ≤ 0
as w(z) = 0 and z ∈ L ∼= Kv. Now pick 0 ∈ K∗ with v(0)¿ 0. Then
(∗) w(z − y)¡w(02) for all y ∈ K:
Let Q⊂K(z) be any total order. Since w is Henselian, w is compatible with Q.
Hence, (∗) implies ||z − y||¿Q 02. Now, Proposition 4.5(4) gives the contradiction
1 ∈ T (A1|K).
We conclude this section with another useful consequence of Proposition 4.5.
Proposition 4.11. Let V |K be a variety with 1 ∈ T (V |K) and let L⊃K be a 9nite
algebraic extension. Then 1 ∈ T (V ⊗K L|L).
Proof. Let W :=V ⊗K L. By Lemma 3.3, V (K)reg is not empty which implies that V
is absolutely irreducible. Hence, W is an irreducible variety over L. Pick A ∈ L with
L=K[A]. We show that W |L satis$es the condition (Proposition 4.5(4)). So let R be a
real closure of L, z ∈ W (R)reg ×A1(R) and 0 ∈ L∗. Given any total order Q⊂L there
is some 0Q ∈ K∗ such that
0¡Q 02Q ¡Q 0
2:
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By the compactness of Sper L there are $nitely many 01; : : : ; 0k ∈ K∗ such that
Sper L =
k⋃
i=1
{Q ∈ Sper L | 0¡Q 02i ¡Q 02}:
Let
00:=
k∏
i=1
0i
1 + 02i
:
Then 0¡Q 020 ¡Q 0
2 for all Q ∈ Sper L. Therefore, it is suBcient to show that there
are y ∈ W (L)reg ×A1(L) and a total order Q⊂L(z) with
||z − y||¡Q 020:
By assumption 1 ∈ T (V |K). Applying twice Proposition 4.5 we get 1 ∈ T (V ×A2|K).
By Proposition 4.5(4) we then $nd (yV ; y1; y2) ∈ V (K)reg ×A2(K) and a total order
Q⊂K(z; A) = L(z) such that
||(z; A)− (yV ; y1; y2)||¡Q 020:
Since W (L)reg = V (L)reg (as subsets of some aBne space over L), we have (yV ; y1) ∈
W (L)reg ×A1(L) and obviously
||z − (yV ; y1)||¡Q 020:
Now apply Proposition 4.5(4).
5. Semigroups realized by T (V |K)
Let P⊂N be the set of prime numbers. Given P0⊂P we let 〈P0〉⊂N denote the
multiplicative semigroup with 1, generated by P0. By [3, Corollary 2:4] there exists
for every P0⊂P a $eld K such that
S(V |K) = 〈P0〉
for all varieties over K . But in the case of T (V |K) we have so far only examples for
T (V |K) = ∅; T (V |K) = {1} and T (V |K) =N:
It is the goal of this section to show that for every P0⊂P with 2 ∈ P0 there exists a
$eld K such that
T (Ad|K) = 〈P0〉
for all d ∈ N.
Lemma 5.1. Let q ∈ N be an odd prime number and K[a]⊃K an algebraic extension
with aq ∈ K \ Kq. Then∑
K[a]2p ∩ K =
∑
K2p
for all primes p = q.
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Proof. Let L:=K[a]. Since q is odd every total order of K uniquely extends to a total
order of L. Hence, every real valuation of K uniquely extends to a real valuation of
L. Therefore, it is suBcient to show
pv(L) ∩ v(K) = pv(K)
for all real valuations v of L. Thereby, we have to distinguish several cases. First,
assume v(aq) ∈ qv(K). Since q is prime this implies [v(L) : v(K)] = q. But then
pv(L) ∩ v(K) = pv(K)
for all primes p = q. Next, assume v(aq) =qv(b) for some b ∈ K . Let c:=ab−1. Then,
v(c) = 0 and L = K[c]. We let Lv and Kv denote the residue $elds of v and v|K . Let,
 : L→ Lv ∪∞
be the canonical place associated with v. If  (cq) ∈ Kqv , then [Lv : Kv] = q = [L : K]
which implies v(L) = v(K). So it remains to consider the case  (cq) ∈ Kqv . But then
again v(L) = v(K) as (L; v) now embeds into the henselization of K with respect to
v|K .
Let L⊂P be nonempty. For F any $eld, q a prime number and Aq⊂F a system
of representants of F∗=F∗q \ {1}, we set
FL:=F( q
√
a | a ∈ Aq; q ∈L):
Given a $eld K we de$ne its L-radical closure as follows. First set
K1:=KL:
If Kn has already been de$ned for some n ∈ N let
Kn+1:=KLn :
Then,
K(L):=
⋃
n∈N
Kn
is called the L-radical closure of K . We will need the following property of L-radical
closures.
Lemma 5.2. Let L⊂P be given with 2 ∈L and let K ⊂L⊂K(L) be any interme-
diate 9eld. Then∑
K(L)2p ∩ L =
∑
L2p
for every p ∈ P \L.
Proof. Assume by way of contradiction that there is some a ∈ ∑K(L)2p ∩ L with
a ∈ ∑L2p. Then there are a $nite sequence L = L0⊂L1⊂ · · ·⊂Ln⊂K(L] of $eld
extensions, q0; : : : ; qn1 ∈L and ai ∈ Li \ Lqii such that
Li+1 = Li( qi
√
ai) and a ∈
∑
L2pn :
292 R. Berr, F. Delon / Journal of Pure and Applied Algebra 161 (2001) 269–294
But then an iterated application of Lemma 5.1 implies the contradiction a ∈∑L2p.
We can now prove the main result of this section.
Theorem 5.3. Let P0⊂P be a set of prime numbers with 2 ∈ P0. Then; there is a
9eld K such that for all d ∈ N
T (Ad|K) = 〈P0〉:
Proof. Let F :=Q(X; Y ) be a purely transcendental extension, L:=P \ P0 and let
K :=F(L). We claim
T (Ad|K) = 〈P0〉:
The construction of K implies K2 = K2q for all q ∈ L. Hence, T (Ad|K)⊂〈P0〉. For
the converse direction let p ∈ P0 and
f ∈ K(T1; : : : ; Td)
∖∑
K(T1; : : : ; Td)2p :
Then, f ∈ L(T1; : : : ; Td) for some $nite extension L of Q(X; Y ). Since tr.d.(L|Q) = 2
we get p ∈ T (Ad|L) by Corollary 2.7. Hence there is some x ∈ Ad(L) with f(x) ∈∑
L2p. From Lemma 5.2 we infer f(x) ∈ ∑K2p and therefore p ∈ T (Ad|K). Now
[3, Theorem 1:8] implies 〈P0〉⊂T (Ad|K).
By obvious reasons it is essentially harder to investigate the semigroup T (V |K)
rather than S(V |K). But nevertheless, one might wonder whether there is a certain
relationship between the semigroups T (V |K) and S(V |K). For example, in view of
the results of Section 4 one might ask whether 1 ∈ T (V |K) and p ∈ S(V |K) imply
p ∈ T (V |K). Our $nal result shows that this fails.
Proposition 5.4. Let Q(T ) be a simple transcendental extension of Q and let d ∈ N.
Then
S(Ad|Q(T )) =N but T (Ad|Q(T )) = {1}:
Proof. Let K =Q(T ). By Theorem 2.1 and [3, Theorem 1:11] we know S(Ad|K) =N
and 1 ∈ T (Ad|K). Let p ∈ N be any prime number. Note that T (Ad|K)⊂T (A1|K).
Hence, it is suBcient to show p ∈ T (A1|K). To this end pick a prime number q ∈ N
with q = 2; p and consider the polynomial
f(X ) = (Xpq − 2)2 + (T − 2Tp)2q ∈ K[X ]:
We claim f(X ) ∈∑K(X )2p but f(y) ∈∑K2p for all y ∈ K . In order to show the
$rst claim choose  ∈ R with pq = 2. Then,
f() = (T − 2Tp)2q:
Let v be the unique real valuation of K() with v(T )¿ 0. Then,
v(f()) = 2qv(T ) ∈ 2pv(K()):
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Hence, f() ∈∑K()2p which implies f(X ) ∈∑K(X )2p. Next let y ∈ K . It remains
to prove f(y) ∈∑K2p. Thus, given any nontrivial valuation v of K we have to show
v(f(y)) ∈ 2pv(K). Let R0 be the real closure of Q. Since v is nontrivial, either v is
the degree valuation or there exists  ∈ R0 such that v extends to a valuation w of
R0(T ) with w(T − )¿ 0. We treat these cases separately. First assume that v is the
degree valuation. If v(y) ≥ 0, then
v(f(y)) = v((T − 2Tp)2q) = 2pqv(T ):
If v(y)¡ − 1, then obviously v(f(y)) = 2pqv(y). So assume v(y) = −1. Then there
are 0 = a ∈ Q and z ∈ K with v(z) ≥ 0 and y = aT + z. Hence,
v(f(y)) = v((aT )2pq + 22qT 2pq) = 2pqv(T ):
Next, we treat the case that there is some  ∈ R0 such that v extends to the unique
valuation w of K() with w(T − )¿ 0. If v(y)¡ 0, then v(f(y)) = 2pqv(y). So
assume v(y) ≥ 0. We claim that this implies w(f(y)) = 0. Let
 : K() → Q() ∪∞
be the canonical place associated with w. Since v(y) ≥ 0 there are b ∈ Q() and
z ∈ K() with w(z) ≥ 0 and y = b + (T − )z. Then,
 (f(y)) = (bpq − 2)2 + (− 2p)2q:
Assume by way of contradiction that  (f(y)) = 0. Then,
bpq − 2 = 0 and − 2p = 0
which implies =0 or 1−p=2. If =0, then Q()=Q and, consequently, b2pq−2 = 0.
On the other hand, if 1−p =2, then 2 is not a pth power in Q() which implies again
the contradiction bpq − 2 = 0. Hence  (f(y)) = 0 which shows v(f(y)) ∈ 2pv(K).
Therefore, p ∈ T (A1|K).
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